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We study the role of time reversal symmetry (TRS) in the circular photogalvanic (CPG) responses
considering chiral Weyl semimetal (WSM) while a finite CPG response is guaranteed by already
broken inversion symmetry (IS) and mirror symmetries. The TRS broken WSM yields one left and
one right chiral Weyl nodes (WNs) while there are two left and right chiral WNs for TRS invariant
WSM. We show that these features can potentially cause the quantization of CPG response at higher
values compared to the topological charge of the underlying WSM. This is further supported by the
fact that Berry curvature and velocity behave differently whether the system preserves or breaks
the TRS. We find that the quantization in CPG response is twice and four times the topological
charge of the activated WNs for TRS invariant WSM while the quantization is directly given by the
topological charge for the activated WNs in TRS broken case. This clearly suggests that the anti-
symmetric behavior of CPG response between two opposite WNs is lost for TRS invariant system
referring to the unique transport signature of the above systems. Moreover, we find that the tilt
can significantly modify the CPG response as velocity in the tilt direction changes which enters into
the CPG tensor through the Fermi distribution function. Given these exciting outcomes, the second
order CPG response emerges as a useful indicator to characterize the system under consideration.
Following the low-energy theory, we analytically understand the numerical results as obtained from
the lattice models. Furthermore, we investigate the momentum resolved structure of CPG response
to relate with the final results and strengthen our analysis from the perspective of the lattice models.
I. INTRODUCTION
The Weyl Semimetals (WSMs)1–3 have drawn a huge
attention in recent years due to their exotic properties
that are mainly caused by the unusual Fermi arc surface
states and chiral anomaly4. It has been found in WSMs
that non trivial band crossing occurs at an even number
of discrete points in the Brillouin zone. These special
gap closing points, protected by some crystalline symme-
try, are referred as Weyl nodes (WNs) and they carry a
topological charge (referred as Chern number) which is a
quantized Berry flux through Fermi surface enclosing it in
momentum space4. It is important to mention here that
upon breaking of either time reversal symmetry (TRS) or
inversion symmetry (IS) or both of these symmetries in
Dirac semimentals, each twofold degenerate Dirac cone
reduces to two isolated WNs of opposite chiralities5. In
particular, there exist minimum two WNs of opposite
chirality when the system breaks the TRS; four WNs are
noticed in general for system with broken IS only6. The
conical spectrum and the point-like Fermi surface at the
WN are the signature of an untilted WSM namely, type-I
WSMs. An interesting situation arises when large tilting
of the Weyl cone results in a Lifshitz transition. This
leads to a new class of materials called type-II WSMs,
where the Fermi surface is no longer point-like7. These
WSM phases have been realized experimentally in sev-
eral inversion asymmetric compounds (TaAs, MoTe2 ,
WTe2)
8–12.
As expected, topological systems become fertile
grounds for investigating various quantum topologi-
cal electromagnetic responses13–17. The chiral-anomaly
related negative magnetoresistance, and the quantum
anomalous Hall effect are the immediate upshot of the
topological nature of WSMs18–20. Apart from the electric
transport, the exotic signatures associated with WSMs
show up in the thermal responses which have been stud-
ied theoretically21–24 and experimentally25,26. On the
other hand, thanks to distinct behavior of density of
states at the Fermi level, it has been shown that the elec-
tronic and thermal transport properties of type-II WSMs
become markedly different from that of the associated
with type-I WSMs27–31. In addittion to the linear opti-
cal responses, the higher order optical responses, such
as circular photogalvanic effect (CPGE)32–38, second-
harmonic generation34,39, are found to be very interesting
for chiral topological crystals where the mirror symme-
try is broken in addition to inversion symmetry resulting
in non-degenerate WNs. Topological chiral semimetals
(SMs) can be realized in many multifold fermions such
as, the transition metal mono-silicides MSi (M = Co, Mn,
Fe, Rh)40–42, double WSMs HgCr2Se4 and SrSi2
43–46 and
triple-WSM like A(MoX)3 (with A = Rb, TI; X = Te)
47.
It is important to have non-degenerate WNs to obtain
intersting chiral transport behavior32,48. Very interest-
ingly, the quantized behavior of CPG response, which
is DC photocurrent switching with the sense of circu-
lar polarization of the incident light, happens to be a
direct experimental probe to measure the Chern num-
bers in topological semimetals49. Very recently, a giant
non-quantized photogalvanic effect and second-harmonic
generation have been reported in non-centrosymmetric
type II Weyl semimetal TaAs-family34,35,39 where degen-
erate WNs exist in the presence of mirror symmetry. The
dipole moment of Berry curvature also leads to nonlinear
Hall effect where non-quantized responses are observed50.
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2Given the background on the higher order responses,
we here probe the effect of TRS on the second order
chiral transport namely, CPG response considering IS
broken type-I and type-II WSM. The CPG response is
found to exhibit quantized response proportional to the
topological charge of the WNs when the underlying un-
tilted WSM breaks TRS, IS, and mirror symmetries. The
Pauli blocking mechanism controls the behavior of CPG
response where only one WN would participate in the
transport and the other WN with opposite chirality re-
mains inactive. Our aim is to investgate the CPG re-
sponse when the underlying WSM, preserving the TRS,
possesses four WNs. The questions that we would like to
precisely answer are the following: is CPG response al-
ways proportional to topological charge of the underlying
WSM? does the number of WNs matter? and how can
CPGE distinguishes between type-I and type-II WSMs
with and without TRS? Much having explored on the
non-quantized behavior of CPGE in presence of degener-
ate WNs, we believe that our analysis for the nature of
quantized response in CPGE in presence of TRS happens
to be the first study to the best of our knowledge.
In this work, we consider TRS broken and invariant
type-I and type-II WSM to investigate the CPG response.
We find that in general tilt can modify the CPG response
as compared to the untilted case. For TRS broken WSM
with two WNs shows quantized CPG response irrespec-
tive of the tilt except a few dissimilarities. The mag-
nitude of quatization here is proportional to the topo-
logical charge of a single WN. Interestingly, for TRS in-
variant type-II WSM with four WNs, CPG response can
only become quantized while for type-I it becomes non-
quantized. The magnitude of quantization depends on
both the number of WNs and topological charge associ-
ated with each WNs. Unlike the TRS broken case where
CPG trace becomes quantized to two opposite values of
same magnitude once the chemical potential is chosen
close to the energies of two opposite chiral WNs, CPG
trace exhibits quantization to two different values (twice
and four times of topological charge) with opposite signs
for TRS invariant WSM. In order to understand these
results, we make resort to low-energy models where we
show the Berry curvature and velocity for the activated
WNs (by Pauli blocking mechanism) behave in a distinct
manner. We also study the momentum resolved CPG
trace to further appreciate the numerical results obtained
from the lattice models.
The paper is organized as follows. In Sec. II, we de-
scribe the CPG response and introduce the TRS invari-
ant, TRS broken lattice model. We also analyze here
the CPG trace as derived from the underlying low-energy
model. Next in Sec. III, we discuss our numerical results,
obtained from the lattice model and understand them
from the perspective of the low-energy model. Finally, in
Sec. IV, we conclude with possible future direction.
II. FORMALISM AND MODEL
A. Circular photogalvanic effect (CPGE)
The CPG injection current is a second order optical
response when the system is irradiated with the circularly
polarized light. It is defined as
dJi
dt
= βij(ω) [E(ω)×E∗(ω)]j , (1)
where E(ω) = E∗(−ω) is the cicularly polarized elec-
tric field of frequency ω, i and j index are the direc-
tion of current Ji and circular polarized light field re-
spectively. This optical activity is originated from the
interband electronic transition. The tensor βij is purely
imaginary and only non-zero if IS is broken. In a chi-
ral topological semimetals where inversion and all mirror
symmetries are broken, WNs appear at different energies.
In this case the trace of βij is quantized for a finite range
of frequencies. On the other hand, if the system possesses
at least one mirror symmetry symmetry, all the diagonal
components of βij vanish leaving the non-quantized CPG
response from off-diagonal component of βij
35. The CPG
tensor β can be written in general as32,51 :
βij(ω) =
pie3
~V
jkl
∑
k,n,m
∆fk,nm∆v
i
k,nmr
k
k,nmr
l
k,mn
× δ(~ω − Ek,mn), (2)
where V is the sample volume, Ek,nm = Ek,n − Ek,m
and ∆fk,nm = fk,n − fk,m are the difference between n-
th and m-th band energies and Fermi-Dirac distributions
respectively, rk,nm = i 〈n|∂k|m〉 is the off-diaginal Berry
connection and ∆vik,nm = ∂kiEk,nm/~ = vi,n − vi,m.
It is pertinent to discuss about the relation between
the response coefficient and the incident applied intensity.
Let’s consider the electric fields in the x − y plane, E =
|E|(1, i, 0)/√2. Therefore, the injection current induced
in the z direction is given by
∂tJz = βzz [E(ω)×E∗(ω)]z = iβzz|E|2nz (3)
with nz = (0, 0, 1). The total injection current can be
obtained by adding up the contributions from the three
orthogonal directions: ∂tJT = (βxx+βyy+βzz)i|E|2. Un-
der the reversal of polarization of the incident light i.e.,
i→ −i, the injection current changes its sign. Therefore,
by experimentally measuring the injection current, one
can directly estimate the CPG response that is encoded
in the CPG tensor Tr[β(ω)].
The above CPG tensor reduces to a very tractable form
for two band model where n,m = 1, 2. Following an
analytical computation of CPG coefficient, one can find
the of the trace CPG tensor βij for a two band model is
3given by
Tr[β(ω)]=
ipie3
~2V
∑
k
∆fk,12∂kiEk,12Ωi,kδ(~ω − Ek,12)
=
ipie3
~2V
∑
k
∆fk,12∆vi,12Ωi,kδ(~ω − Ek,12) (4)
Here, ∆vi,12 = vi,1 − vi,2 is the velocity difference be-
tween valence and conduction band; ∆fk,12 = fk,1− fk,2
is Fermi distribution function between valence and con-
duction band. Ωi,k = iikl
∑
n 6=m r
k
k,nmr
l
k,mn is the i-th
component of Berry curvature. It is to be noted here that
∆fk,12, reducing to ±1, plays very crucial role in order
to allow the participation of the WNs for a given value
of chemical potential µ. This factor together with δ-
function determine the frequency dependence of the CPG
response. We consider ω > 0 to investigate meaningful
transport properties.
Based on the linearized, un-tilted, isotropic model k ·σ
for WNs, it has been shown that the CPG trace measures
the Berry flux penetrating through a surface32. There-
fore, the topological charge C of the WN, enclosed by
the closed surface, results in a quantized CPG response.
The quantization is observed in a certain frequency win-
dow which can be generically dependent on chemical po-
tential µ. Another interesting feature encoded in the δ-
function is that CPG response shows quantized response
as long as ω is kept between two WN energies EL and
ER i.e., 2|E′L| < ω < 2|E′R| with E′L,R = EL,R − µ.
For ω > 2|E′R|, the other Weyl node contributes with
opposite sign in the Berry flux and the quantization is
generically lost.
To complete the discussion, we here present the Berry
curvature associated with the topological WSM Hamil-
tonian. The Berry curvature of the mth band for a Bloch
Hamiltonian H(k), defined as the Berry phase per unit
area in the k space, is given by 52
Ωma (k) = (−1)m
1
4|Nk|3 abcNk ·
(
∂Nk
∂kb
× ∂Nk
∂kc
)
. (5)
B. Lattice Hamiltonian for IS and TRS broken
WSM
We consider the following two band Hamiltonian for
the single WSM32 : HI(k) = Nk · σ +N0,kσ0 with
Nk = (t1 sin kx, t1 sin ky,−M + t1
∑
i=x,y,z
cos ki),
= (N1,k, N2,k, N3,k)
N0,k = γ sin kz + t2 cos kz, (6)
where σ0 is the 2×2 identity matrix and σ = (σx, σy, σz)
the Pauli matrices. The Hamiltonian (6) breaks TRS and
IS: T HI(−k)T −1 6= HI(k) with TR operator T = K
where K is complex conjugation; PHI(−k)P−1 6= HI(k)
FIG. 1. The energy dispersion Ek for TRS broken WSMs are
shown as function of ky and kz for type-I (a) and type-II (b).
We repeat (a) and (b) considering ky = 0 in (c) and (d). Two
Weyl points at kz = ±pi/2 are separated in energy k = ±γ.
The parameters are considered here are following: M = 2.0,
γ = 0.8, t1 = 1.0, t2 = 0.0 for type-I and t2 = 2.0 for type-II.
with inversion operator P = σx. The energy eigen-
values of HI(k) are Ek,± = N0,k ± |Nk| with |Nk| =√
N21,k +N
2
2,k +N
3
1,k. For 1 < |M/t1| < 3, the model
exhibits a pair of WNs of chirality s at ks=∓ = (0, 0,±k0)
with energies Ek,s=∓ = sγ sin (k0) + t2 cos k0, where
k0 = cos
−1(M/t1 − 2). The right- (s = −1) and the
left- (s = +1) handed WNs now appear respectively at
ER = γ sin k0 + t2 cos k0 and EL = −γ sin k0 + t2 cos k0,
producing a constant chiral chemical potential µch =
(ER − EL)/2 = γ sin k0, which is essential to obtain a
non-zero CPG response. For t2/t1 → 0 (t2/t1 → 1),
model becomes type-I (type-II) WSM. For M = 2 and
t1 = 1, the WNs appear at k∓ = (0, 0,±pi/2) associated
with energies ER,L = ±γ (see Fig. 1).
The low energy Hamiltonian close to a WN with chi-
rality s is given by
HIk,s ≈ s(γ − t2kz)σ0 + skxσx + skyσy + skzσz (7)
The Berry curvature takes the form Ωi = ±ki/k3 (i =
x, y, z) with k =
√
k2x + k
2
y + k
2
z . Here, ± refers to the
valence and conduction band. The velocity takes the
form vi = ±ski/k (i = x, y) and vz = ±s(−t2 + kz/k).
At the outset, we note that the term
∑x,y,z
i ∆viΩi in
CPG trace (4) requires separate attention for opposite
chiral WNs: ∆viΩi = k
2
i /k
4 for left chiral WN (s = +1)
and ∆viΩi = −k2i /k4 for right chiral WN (s = −1). For
µ ≈ EL,R, we can consider the above low-energy model
(7). Using the expressions (4) with ∆f = 1, we then get
4the CPG response as follows
Tr[β(ω)] ≈ e
3pi
~2
i
∫
dΩ
(2pi)3
∫
k2dk
x,y,z∑
i
∆viΩi
δ(ω/2− E12)
2
≈ se
3pi
~2
i
∫
dΩ
(2pi)3
∫
k2dk
∑x,y,z
i k
2
i
k4
δ(ω/2− k)
2
= is
e3
h2
∮
S
dS ·Ω = ise
3pi
h2
C = isβ0 (8)
Here dΩ and dS are the element of solid angle and sur-
face area in a 3D geometry associated with spherical po-
lar co-ordinate. The above formalism clearly shows that
CPG trace measures the Berry flux penetrating through
S as discussed in Sec. II A. Therefore, the topological
charge C of the WN, enclosed by the closed surface, re-
sults in a quantized CPG response. Hence, from the
linearized model (Eq. 7), as derived from TRS broken
Hamiltonian (6), one can find that CPG response changes
with the chirality of the WNs. This clearly suggests that
Tr[β(ω)]/iβ0 acquires two opposite values when µ = ER
and µ = EL. The quantization window in terms of ω
has already been discussed in Sec. II A. We would like
to comment that linearized model gives us a hint about
the quantization, the lattice model however needs to be
considered to get the detail of the CPG response.
We shall now address the issue of tilt in the above
expression (8). We note that the effect of tilt can only
enter in the CPG response through the Fermi distribu-
tion function ∆f . Interestingly, ∆vi and Ωi both are tilt
independent as tilt parameter t2 appears in the σ0 part of
Eq. 7. The momentum integration for tilted case would
thus strongly depend on the apparently innocent factor
∆f that become ±1 for T = 0.
For completeness, we here discuss the ex-
plicit expressions of the Berry curvature
Ω(k) = (Ωx(k),Ωy(k),Ωz(k)) and the velocity
v(k) = (vx(k), vy(k), vz(k)) associated with Hamil-
tonian (6) are given by
Ωx = ±cos ky sin kx sin kz|Nk|3
Ωy = ±cos kx sin ky sin kz|Nk|3
Ωz = ±− cos ky + cos kx(−1 + cos ky(2− cos kz))|Nk|3
vx = ± (2− cos ky − cos kz) sin kx|Nk|
vy = ± (2− cos kx − cos kz) sin ky|Nk|
vz = γ cos kz − t2 sin kz
± (2 + cos ky + cos kz − cos kx) sin kz|Nk| . (9)
For a TRS broken WSM, we here find Ω(k) 6= −Ω(−k).
Here, ± refers to the valence and conduction band.
C. Lattice Hamiltonian for IS broken and TRS
invariant WSM
FIG. 2. The energy dispersion Ek for IS broken WSMs
are shown as function of ky and kz for type-I (a) and type-II
(b). We repeat (a) and (b) considering ky = 0 in (c) and
(d). Two Weyl points at kx = ±pi/4 are separated in energy
ER−EL = t2(δ−1). The parameters are considered here are
following: δ = 2.0, t1 = 1.0, t2 = 0.002 for type-I and t2 = 0.3
for type-II.
The two band model for single WSM considered here
is given by53 : HII(k) = Nk · σ +N0,k σ0 with
Nk = (t1[(cos k0 − cos ky) + δ(1− cos kz)],
t1 sin kz, t1[(cos k0 − cos kx) + δ(1− cos kz)]),
= (N1,k, N2,k, N3,k)
N0,k = t2(cos(kx + ky) + δ cos(kx − ky)), (10)
where, t1 and t2 are the hopping parameters, δ (6= 1) is a
constant. The Hamiltonian (10) breaks IS but preserves
TRS: T HII(−k)T −1 = HII(k) and PHII(−k)P−1 6=
HII(k). The energy eigenvalues of HIIk are Ek,± =
N0,k ± |Nk| with |Nk| =
√
N21,k +N
2
2,k +N
2
3,k. For t2
= 0 and δ > 1, four gapless points arise in the kz =
0 plane and without any loss of generality we can con-
sider 0 < k0 <
pi
2 . The right-handed (s = +1) WNs
are located at k1,2s=+ = ± (k0, k0, 0) and the left-handed
(s = −1) WNs are located at k1,2s=−± (k0,−k0, 0). When
t2 6= 0, N0,k causes shift in energies of the WNs of oppo-
site chiralities. The right and the left-handed WNs now
appear respectively at ER = t2
[
cos(2k0) + δ
]
and EL =
t2
[
1 + δ cos(2k0)
]
, producing a constant chiral chemical
potential µch = (ER − EL)/2 = t2(δ − 1) sin2 k0, which
is essential to obtain a non-zero CPG response. One can
get type-I and type-II WSM by tuning the ratio of t2t1 .
For t2t1 < 0.01, two bands meet at four type-I WNs. For
t2
t1
> 0.01, the WNs start to tilt in the x-direction and we
5have four type-II WNs. Considering k0 = pi/4, one finds
two left chiral WNs at k1,2− = ±(pi/4,−pi/4, 0) and two
right chiral WNs at k1,2+ = ±(pi/4, pi/4, 0) with energies
EL(ER) = t2(t2δ).
The low energy Hamiltonian close to a given chi-
ral node with chirality s is given by Hk,s ≈ ns,0σ0 +
t1(sky + δk
2
z/2)σx + t1kzσy + t1(skx + δk
2
z/2)σz with
ns=−1,0 = t2δ(ky − kx) + t2(1 − kxky) and ns=+1,0 =
t2δ(1 + kxky) − t2(kx + ky). For simplicity we consider
t1 = 1. One can now obtain the Berry curvature and
the velocity difference around two right chiral WNs at
k1,2+ become identical. To be precise, we find Ωi = ki/k
3
and ∆vi = ki/k
3 for both the right chiral WNs. On
the other hand, for both the left chiral WNs at k1,2− , we
find Ωi = −ki/k3. Interestingly, x and y components of
velocity difference change their sign at these two left chi-
ral WNs, i.e., ∆vi = ±ki/k3 for k = k1,2− with i = x, y
while ∆vz = kz/k
3 remains unaltered. Therefore, one
can infer from the low-energy minimal model that for
TRS invariant (broken) WSM, the Berry curvature and
velocity difference around the WNs associated with two
different chiralities behave differently (similarly) as far as
the individual components are concerned. These further
result in distinct behavior of CPG response while µ is
considered close to the WNs of opposite chirality.
Let us do the analysis for µ ≈ ER. Here, we have to
consider the low-energy model in the vicinity of two WNs
at k1,2+ . Therefore, we take into account both of their
contribution in the momentum integration of CPG trace
while evaluating the quantity
∑x,y,z
i ∆viΩi. It appears
that ∆viΩi = k
2
i /k
4 for both WNs. Considering these
right chiral low-energy Hamiltonians, one can find the
CPG response (4) with ∆f = 1, as follows
Tr[β(ω)] ≈ e
3pi
~2
i
∫
dΩ
(2pi)3
∫
k2dk
x,y,z∑
i
∆viΩi
δ(ω − ER,12)
2
≈ e
3pi
~2
i
∫
dΩ
(2pi)3
∫
k2dk
∑x,y,z
i k
2
i
k4
δ(ω − k/2)
2
= i
e3
h2
∮
S
dS ·Ω = ie
3pi
h2
C = iβ0 (11)
Following the similar line of argument based on low-
energy model, the CPG response for µ ≈ EL (i.e., left
chiral WNs) is found to be
Tr[β(ω)] ≈ e
3pi
~2
i
∫
dΩ
(2pi)3
∫
k2dk
x,y,z∑
i
∆viΩi
δ(ω − EL,12)
2
≈ e
3pi
~2
i
∫
dΩ
(2pi)3
∫
k2dk∆vzΩz
δ(ω − k/2)
2
= −e
3pi
~2
i
∫
dΩ
(2pi)3
∫
k2dk
k2z
k4
δ(ω − k/2)
2
= −iη e
3
h2
∮
S
dS ·Ω = −iη e
3pi
h2
C = −iηβ0 (12)
In the above calculation, one has to include the two
WNs at k1,2− to evaluate the quantity
∑x,y,z
i ∆viΩi us-
ing the associated with the left chiral low-energy model.
A close inspection would suggest that ∆viΩi = ∓k2i /k4
(i = x, y) and ∆vzΩz = −k2z/k4 for k = k1,2− . As a
result,
∑x,y,z
i ∆viΩi reduces to −k2z/k4. We consider
kz = k cos θ and the angular integration
∫
dΩ is weighted
by cos2 θ leading to the factor ηC < C as η < 1. This is
in contrast to the result obtained in Eq. (11) for right chi-
ral WNs at µ ≈ ER, where regular angular integral
∫
dΩ
leads to C. By comparing Eq. (11) and (12), one can find
that the low-energy theory refers to a situation where left
and right chiral WNs result in a non-antisymmetric be-
havior for TRS invariant system. By contrast, TRS bro-
ken low energy model exhibits anti-symmetric behavior
between left and right chiral WNs (see Eq. (8)). There-
fore, the number of WNs for a given chirality and the
specific detail of the Berry curvature, velocity difference
both become crucial in determining the CPG response.
For completeness, the explicit expressions of the Berry
curvature Ω(k) = (Ωx(k),Ωy(k),Ωz(k)) and the velocity
v(k) = (vx(k), vy(k), vz(k)) associated with the Hamil-
tonian (10) is given by
Ωx = ± (−δ + (cos k0 + δ − cos kx) cos kz) sin ky|Nk|3
Ωy = ± (−δ + (cos k0 + δ − cos ky) cos kz) sin kx|Nk|3
Ωz = ± sin kx sin ky sin kz|Nk|3
vx = ± (cos k0 − cos kx + δ(1− cos kz)) sin kx|Nk|
− t2δ sin(kx − ky)− t2 sin(kx + ky)
vy = ± (cos k0 − cos ky + δ(1− cos kz)) sin ky|Nk|
+ t2δ sin(kx − ky)− t2 sin(kx + ky)
vz = ± (2δ
2 + cos kz) sin kz
|Nk|
± δ(2 cos k0 − 2 cos kz − cos kx − cos ky)) sin kz|Nk|
(13)
For a TRS invariant WSM, we here find Ω(k) =
−Ω(−k). Here, ± refers to the valence and conduction
band.
III. RESULT AND DISCUSSIONS
Having discussed the formalism to compute the CPG
tensor, we now investigate it for IS broken WSMs. To
begin with, we numerically estimate CPG trace for the
TRS broken type I Weyl semimetal (6) as shown in Fig. 3
(a)-(b). We here consider the chemical potential for both
inside and outside region of two non-degenerate WNs.
The WNs with topological charge CR,L = ∓1 appear at
ER,L = ±0.8 for k0 = ±pi/2. Both the WNs with energies
EL and ER are equally spaced below and above for the
6-1
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FIG. 3. Beheavior of CPG trace for TRS broken type-I WSM in (a) and (b); IS broken type-I WSM in (c) for both inside
(EL < µ < ER) and outside (µ < EL, µ > ER) region. For the TRS broken case, the quantization in CPGE to two opposite
values, that are given by the topological charge of the activated WN, is clearly observed when µ is set in between the two WN
energies. Interestingly, when E′R = E
′
L, CPG response appears to vanish; CPGE shows non-quantized behavior when µ is well
above and below from WNs energies (ER,L). In contrary, for the IS broken case, CPGE is never found to be quantized in any
of the above circumstances.
chemical potential µ = 0 i.e., E′R = E
′
L with |ER,L−µ| =
E′R,L. We find that CPG trace vanishes irrespective of
the value of frequecny for µ = 0. On the other hand, for
µ = ±0.8, our investigation shows that the quantization
in CPG trace at ∓1 starts from ω = 0 and lasts until
ω ≈ 2.0. However, the CPG trace decreases for ω > 2.0
and vanishes around ω ≈ 3.2. One can thus infer that
CPG response is dependent on |E′R−E′L|. Precisely, the
region of the quantization is found inside the following
frequency window 2|E′L| < ω < 2|E′R|.
We shall now discuss the CPG response when µ is
away from the WN energies. For the chemical potential
µ = −0.3, inside between two WNs with |E′L| < |E′R|,
the frequency window for the quantiation at +1 is 1.0 <
ω < 1.5 (see Fig. 3 (a)). For µ = 0.3, the value of the
quantization reverses within the same energy windows
as |E′L| > |E′R|. The underlying reason is that the trans-
port is maximally governed by the nature of the activated
WN i.e., the magnitude (sign) of quantization depends on
the topological charge (chirality) of that WN. However,
we find that the CPG trace becomes finite within the
frequecny window 2|E′L| < ω < 2|E′R|. The frequency
above (below) which CPG trace starts (ends) showing
quantized behavior decreases toward zero when E′R and
E′L are maximally deviated from each other. As a re-
sult, for µ = ±0.8 (±0.3), one can find largest (smallest)
frequecny window for quantization. When the chemi-
cal potential is outside the energy window between the
two WNs, but close to any of the WNs within the lin-
ear band touching region, the CPGE is also found to
be quantized (see Fig. 3 (b)). Expectedly, the quan-
tizied value depends on the topological charge of the ac-
tivated WN. But when µ  ER, EL, i.e., far away from
the non trivival band crossing, the CPG trace becomes
non-quantized acquiring smaller value < 1. Importantly,
we find anti-symmetric behavior of CPG response sym-
metrically placed around µ = (EL + ER)/2.
In contrary, for the IS broken case of type-I as shown
in Fig. 3 (c), CPG trace is never found to be quan-
tized in any of the above circumstances. One can ob-
serve sharp peak for certain values of chemical poten-
tial otherwise, it remains zero throughout the whole fre-
quency range. We note that EL, ER → 0 leading to
the fact that the frequency window becomes non-existent
in practice. Interestingly, the anti-symmetric nature of
CPG tensor with µ being positive and negative is also
lost. It can acquire values such as > +1 (< −1) which
is larger (smaller) than the topological charge of a sin-
gle WN. We note that the total number of Weyl points
present in the system is four. Therefore, non-quantized
CPG trace can be in principle larger (smaller) than +1
(−1). Based on our analysis in these two species of type-
I models, CPG trace is able to capture the symmetry
mediated transport in a distinct way. For TRS broken
model, the quantized value is proportional to the charge
of the Weyl point while for TRS invariant model, the
quantization is absolutely absent, however, the magni-
tude can be larger than the topological charge. One
can infer that in order to obtain quantized response of
CPG trace for type-I WSMs, the breaking of TRS plays
a very crucial role. However, the most essential condi-
tion to obtain quantized response is to have a substan-
tial energy gap between WNs of different chiralities. For
TRS invariant model (10), the above criterion is violated
[(ER − EL) = t2(δ − 1) = 0.002 eV ] while TRS broken
model (6), it is satisfied [(ER − EL) = 2γ = 1.6 eV]. In
order to understand this phenomena in more detail, we
below investigate the type-II analogue of these models.
Figure 4 (a)-(b) show the CPG trace for IS and TRS
broken tilted type-II WSM. Here the quantization is only
obtained when the chemical potential is kept near to the
energy of one of the WNs. For µ = ±0.8 and ±0.75,
the CPG trace is quatized with values ∓1 within the
frequency windows 0.2 < ω < 1.2. This quantization
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FIG. 4. Beheavior of CPG trace for TRS broken type-II
WSM in (a) and (b); IS broken type-II WSM in (c) and (d)
for both inside (EL < µ < ER) and outside (µ < EL, µ > ER)
region. For TRS broken case, the quantization in CPGE to
two opposite values, that are given by the topological charge
of the activated WN, is clearly observed in when µ is set only
around any of the Weyl point energy (ER,L). Interestingly,
when E′R = E
′
L, CPGE does not to vanish like type I. For the
IS broken case, the quantized value is noticed to be 2 times
and 4 times the topological charge of the activated WNs when
µ is set around EL, ER respectively.
window for type-II WSM is almost half as compared to
that of the for type-I WSM with the same value of chem-
ical potential. The tilt modifies the available states near
the Fermi surface (otherwise point like for type-I untilted
case) appearing in the CPG trace through the Fermi dis-
tributiuon function ( ∆f12) associated with the k modes
in BZ. The tilt thus imprints its effect by eventually nor-
malizing the frequecy window within which CPG reponse
acquires quantized value. Interestingly, when E′L = E
′
R
for µ = 0, CPG trace does not to vanish like type-I rather
it shows non-quantized behavior.
When EL < µ < ER is well separated from the Weyl
point energies ER,L = ±0.8, the CPG trace becomes non-
quantized. Similar to the type-I WSM, we find that CPG
trace is also quantized even when µ is kept outside the
energy window between WNs but close to one of the WNs
as shown in Fig. 4 (b). However, for µ |ER,L|, one can
obtain non-quantized value of CPG trace that is larger
or smaller in magnitude than the absolute value of the
topological charge of the activated WN. Moreover, the
anti-symmetric nature of CPG response is not observed
for type-II. These fearures in type-II TRS broken WSM
are in stark contrast to the type-I counterpart of the same
model. As discussed above that the Fermi surface states
contribute to the transport, any change in Fermi surface
character would be clearly visible in the CPG response
for type-I and type-II TRS broken WSM.
Now, we analyze the CPG response for IS broken
type-II WSM where we find the quantized response for
EL < µ < ER kept close to the WN energy EL = t2 = 0.7
and ER = t2δ = 1.4 (see Fig. 4 (c)). This behav-
ior remain unaltered when µ is close to EL or ER but
outside the energy window set by these energies (Fig. 4
(d)). Comparing with type-II TRS broken WSM, we find
that TRS invariant type-II WSM behaves in an identical
way as far as the quantization is concerned. Surpris-
ingly, CPGE becomes quantized to two different values
−2 and +4 for µ close to EL and ER, respectively. This
suggests that the anti-symmetric nature of the CPG re-
sponse is lost considering µ being symmetrically placed
around (EL + ER)/2. This is in complete contrast to
the TRS broken case where the magnitude of quantized
value depends only on the charge of the activated Weyl
point. One can find that there exist two left (right) chiral
Weyl points at EL (ER) with topological charge CL = −1
(CR = +1). When µ is set close to EL, the transport is
governed by both of these two left chiral WNs and they
contribute additively resulting in CPGE to be propor-
tional to 2CL. On the other hand, when µ is close to ER
where there exist two right chiral WNs with CR = +1,
CPGE is found to be quantized at 4CR instead of 2CR.
This can be understood in the following way that acti-
vated WNs contribute differently i.e., the product of the
Berry curvature and velocity difference in the CPG trace
at left and right chiral WNs are not identical for TRS
invariant model. Whereas, for TRS broken model, the
product of the Berry curvature and velocity difference in
behave in an identical fashion around two opposite chiral
WNs which leads to perfectly anti-symmetric nature of
CPG trace. We can thus comment that the transport in
type-II TRS broken WSM is intrinsically differnet from
the TRS invariant model type-II WSM.
We would now like to understand our results more
deeply from the physical point of view. Using the CPG
tensor (4), one can find for the TRS broken WSM that
Tr[β] '∑k fk,12∑x,y,zi ∆vi,12(k)Ωi(k)δ(ω−Ek,12) with
A(k, µ) = fk,12
∑x,y,z
i ∆vi,12(k)Ωi(k). It is better to fo-
cus on the CPG response when µ is chosen close to the
WNs energies as the transport is maximally controlled by
the nature of the WNs. For TRS broken WSM, we can in-
fer that A(ks, µ ≈ ER,L) ' s
∑x,y,z
i ∆vi,ksΩi,ks with s =∓1 substantially dominates in determining the behavior
of Tr[β]. A close inspection, considering the low energy
model, suggests that A(k−, µ ≈ ER) = −A(k+, µ ≈ EL)
as Ω(k+) = Ω(k−) and ∆v(k+) = −∆v(k−). This leads
to the fact that the injection current changes its sign
as µ switches from left chiral WN energy to right chiral
WN energy. In order to anchor this analytical analysis,
we study A(kx = 0, ky, kz, µ) numerically from the lat-
tice model (6) in Fig. 5 (a) and (b) for µ = −0.8 and
0.8, repectively. We find that the sign of A reverses for
µ = ±0.8 with ky > 0. The WN at k+ = (0, 0,−pi/2)
for µ = −0.8 actively participates in CPGE quantiza-
tion with positive magnitude in the sence that a kink
is observed in A; the same observation but negative in
8magnitude is also noticed for the WN at k− = (0, 0, pi/2)
with µ = 0.8.
We would now analyze the TRS invariant case where
four Weyl points are found; two left chiral WNs at
k1,2− = ±(pi/4,−pi/4, 0) with EL = t2 and two right
chiral WNs at k1,2+ = ±(pi/4, pi/4, 0) with ER = t2δ.
When µ ≈ EL, the left chiral nodes contribute maxi-
mally to the CPG tensor Tr[β] ' ∑k∑1,2i A(ki−, µ ≈
EL)δ(ω−Ek,12). A careful analysis with A(k1,2− , µ ≈ EL),
considering the low energy model , suggests that Tr[β] '
−∑k ∆vzΩzδ(ω − Ek,12). On the other hand, µ ≈ ER,
the right chiral nodes contribute maximally to the CPG
tensor Tr[β] ' ∑k∑1,2i A(ki+, µ ≈ ER)δ(ω − Ek,12).
Following the similar line of argument, one can find
Tr[β] ' ∑k(∆vxΩx + ∆vyΩy + ∆vzΩz)δ(ω − Ek,12).
Therefore, the low energy model can successfully pre-
dicts the distinct behaiour in CPGE when µ is close to
left and right chiral WNs. Interestingly, in the TRS bro-
ken case all three component of CPG tensor i.e., βxx, βyy
and βzz, contribute irrespective of the fact that whether
µ ≈ EL or ER. For TRS invariant WSM, this analogy
breaks which results in exhibiting different quantization
magnitude for µ ≈ EL and µ ≈ ER. This is in sharp
contrast to the TRS broken case where the magnitude
of quantization for CPG response becomes identical for
both the chemical potential µ ≈ EL and µ ≈ ER.
In order to anchor this analysis, we show A(kx, ky, kz =
0, µ) numerically from the lattice model (10) in Fig. 5 (c)
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FIG. 5. The k-resolved plots A(k, µ), (a)-(b) for TRS broken
Hamiltonian HI(k), and (c)-(d) for TRS invariant Hamilto-
nian HII(k) with µ = EL, ER respectively. Here, we consider
t2 = 0 and γ = 0.8 in HI(k); t2 = 0.7 and δ = 2.0 in HII(k).
The position of the WNs are marked by square. Comparing
the momentum structure of A, one can infer that CPGE at
µ = EL acquires opposite values to that of at µ = ER in
(a) and (b) for TRS broken WSMs, whereas, CPGE acquires
opposite but asymmetric values at µ = EL and µ = ER in (c)
and (d) for TRS invariant WSMs.
and (d) for µ = EL = 0.7 and µ = ER = 1.4, repectively.
We find that the sign of A reverses between kx > pi/4 and
kx < −pi/4 with µ = 0.7. While for −pi/4 < kx < pi/4,
A(kx, ky, kz = 0, µ = EL) ∼ 0. A exhibits kink close
to the Weyl point k1,2− = ±(pi/4,−pi/4, 0) for µ = 0.7
rendering the fact that these two left chiral nodes ac-
tively participate in CPGE quantization which is found
to be 2CL = −2. While for µ = 1.4, A > 0(∼ 0)
for kx > −pi/4 (< −pi/4); however, the value of A in-
creases for kx > pi/4 as compared to the value of A for
−pi/4 < kx < pi/4. Here, A exhibits kinks close to the
right chiral Weyl point k1,2+ = ±(pi/4, pi/4, 0) suggesting
the fact that these WNs actively participate in the quan-
tization in CPG response which has the value 4CR = 4.
The momentum integration of A over the BZ for TRS
broken WSM becomes negative ( positive) when µ = 0.8
(µ = −0.8) as shown in Fig. 5 (a) (Fig. 5 (b)). This
is directly reflected in the behavior of CPG tensor for
µ = ±0.8. Once µ reduces (increases) from 0.8 (−0.8),
the magnitude of A decreases in the BZ for ky > 0. For
µ = 0, A becomes vanishly small in the BZ. As a result,
the quantization is observed for −0.8 ≤ µ ≤ 0.8 except
µ = 0. These above nature of the momentum distribu-
tion of A is also qualitatively valid for the tilted type-II
case. However, unlike the type-I case, the tilt can de-
stroy the quantization when µ is away from ±0.8 within
the window −0.8 ≤ µ ≤ 0.8. The non-zero value of CPG
tensor for µ = 0 in type-II case is due to the anisotropic
nature of the dispersion which is imprinted in A through
the Fermi distribution function ∆f12.
The lattice analysis of A further reveals that it can
have both positive and negative contributions in the BZ
for TRS inavariant WSM with µ = 0.7 as shown in Fig. 5
(c). Upon increasing µ > 0.7, one can find that A reduces
for kx < −pi/4. A increases and becomes positive when
µ reaches 1.4 when kx < −pi/4. In intermediate zone
−pi/4 < kx < pi/4, A increases when µ increases from
0.4 to 1.4. For µ = 1.4, A only acquires positive values
for kx > pi/4 as shown in Fig. 5 (d). From the momen-
tum distribution of A for the TRS invariant WSM, it is
evident that A does not show any anti-symmetric behav-
ior as observed for TRS broken WSM when µ is kept
at two different Weyl point energies EL and ER. This
again points towards the fact that CPG response can be
very different for TRS broken and TRS invariant WSM in
terms of the quantization. On the other hand, for type-I
TRS invariant WSM, A turns out to be vanishly small
but anti-symmetric with respect to kx = 0-plane in the
BZ. As a result the CPG response becomes characteris-
tically different from the tilted case.
Exact quantization in CPG trace is predicted from the
k · σ model. The quantization can be destroyed due to
several lattice effect. Away from the WNs, band bending
causes the deviation of CPG response from quantized
value. This quantization is clearly observed when µ is
set close the WN energy. On a general note, we can
infer that for type-II WSM, the band bending near the
WNs affects the quantization more compared to type-I.
9The band bending is more prominent in type-II and that
can result in the non-linear correction to the quantiza-
tion. In addition, we would like to note for experimental
observability that the prefactor β0 of Eq. (4) is large in
comparison to ordinary CPG trace magnitudes. Con-
sidering typical relaxation times, one can find that the
other metallic or insulating contributions are less than
an order of magnitude as compared to the quantized WN
contribution50,54. As a result, we believe total CPG trace
observed in experiment can signal the quantization42.
IV. CONCLUSION
We consider TRS invariant and TRS broken WSM to
study the CPG response where the energies EL and ER,
associated with the left and right chiral Weyl points, are
different from each other EL 6= ER. The movitation is to
analyze the effect of TRS on the quantization while the IS
and mirror symmetries are already broken for both these
WSMs. We consider general tilted lattice Hamiltonian
which allows us to additionally investigate the effect of
tilted dispersion in the CPG response. There exist only
two WNs of opposite chirality in TRS broken system,
while at least four WNs of opposite chiralities are present
in TRS invariant WSM. Therefore, when the number of
WNs for a given chirality is more than unity that could
become an interesting situation to study. To be precise,
a relevant question here is that how does the quantiza-
tion depend on the number of WNs. In this work, we
show that quantization for TRS invariant single WSM
can be 2 and 4 times the topological charge of the ac-
tivated WNs (see Fig. 4). This feature is not observed
for TRS broken WSM as there exists only one WN for a
given chirality (see Fig. 3). In addition, CPG response
is able to distinguish a type-II from a type-I WSM in
general.
In particular, the Berry curvature and the velocity dif-
ference play very important role in determining the be-
hevior of CPG trace. The tilt is not able to change the
Berry curvature for anisotropic case from the isotropic
case, however, velocity along the tilt direction can be-
come very different from the isotropic case. The effect of
tilt enters through the Fermi distribution function in the
CPG trace as the velocity difference remains independent
of the tilt parameter. As a result, CPG response for type-
II is distinguishably different from type-I. For example, in
the TRS broken type-I case, CPG trace behaves exactly
oppoite to each other when µ is symmetrically chosen
around µ = (EL + ER)/2. This feature is not observed
for the tilted type-II case. Moreover, CPG response can
acquire values larger than the magnitude of the topolog-
ical charge in presence of the tilting. Interestingly, in
our present case, type-II TRS invariant can only exhibit
quantization in CPG trace unlike to the type-I counter-
part where EL ≈ ER. The magnitude of quantization for
µ close to EL and ER strongly depends on Berry curva-
ture and velocity around the left and right chiral WNs.
In the TRS broken WSM, the value of quantization for
µ ∼ EL is just opposite to that of the for µ ∼ ER. For
TRS invariant these two values of quantization are differ-
ent from each other as the Berry curvature and velocity
(as well as the velocity difference) behave differently for
left and right chiral WNs. We find the above features
numerically analyzing the lattice models and then, sup-
plement them using the low-energy model derived around
the WNs.
We believe that our observation can be tested exper-
imentally due to availability of the setup. It would be
interesting to study the TRS broken and invariant chi-
ral multi-WSM having non-linear anisotropic dispersion.
The band bending causes the CPGE to deviate from
quantized behavior. The role of TRS and band bending
are two important aspects that can be studied in future
in chiral SMs40–42.
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